We present a theory for single-and two-phonon charge carrier scattering in anisotropic twodimensional semiconductors applied to single-layer black phosphorus (BP). We show that in contrast to graphene, where two-phonon processes due to the scattering by flexural phonons dominate at any practically relevant temperatures and are independent of the carrier concentration n, two-phonon scattering in BP is less important and can be considered negligible at n 10 13 cm −2 . At smaller n, however, phonons enter in the essentially anharmonic regime. Compared to the hole mobility, which does not exhibit strong anisotropy between the principal directions of BP (µxx/µyy ∼ 1.4 at n = 10 13 cm −2 and T = 300 K), the electron mobility is found to be significantly more anisotropic (µxx/µyy ∼ 6.2). Absolute values of µxx do not exceed 250 (700) cm 2 V −1 s −1 for holes (electrons), which can be considered as an upper limit for the mobility in BP at room temperature.
Electron-phonon scattering is considered to be the main factor limiting intrinsic charge-carrier mobility in graphene [1] [2] [3] [4] [5] [6] [7] . Flexural phonons (out-of-plane vibrations) are especially important in this respect because they provide the dominant contribution to the resistivity at room temperature [6, 7] . Recently, many new two-dimensional (2D) materials have attracted attention [8] , such as hexagonal boron nitride [9] , stoichiometric graphene derivatives [10, 11] , transition-metal dichalcogenides [9, 12] , and black phosphorus (BP) [13] . All these materials are typically more defective than graphene and are characterized by significantly smaller electron mobility; therefore, much less is known experimentally on their intrinsic transport properties [14] [15] [16] [17] [18] [19] [20] [21] .
Comprehensive theories have been developed to describe the mechanism of phonon scattering in graphene [7] . The application of those is, however, not straightforward to systems with reduced symmetries that give rise to anisotropy of electronic and vibrational properties. At the same time, anisotropy of 2D materials in not uncommon. It can naturally arise in finite-size samples and be governed by the shape (e.g., nanoribbons) [22] or can be determined by external conditions such as defects [23] , mechanical strain [24] , or contact potentials [25] . Few-layer black phosphorus is the most prominent example among 2D materials with inherent anisotropy [13] . Early attempts to describe intrinsic mobility in ultrathin BP were based on isotropic transport theory and were focused on single-phonon processes only [26, 27] .
In this Letter, we develop a theory for phonon-limited transport in anisotropic 2D semiconductors. We obtain general expressions for the scattering matrix of singleand two-phonon processes, where both in-plane and flexural acoustic phonons are included. The theory is applied to monolayer black phosphorus, for which the relevant parameters are estimated from first principles.
For isotropic materials, phonon limited dc conductivity is usually calculated using the standard semiclassical Boltzmann theory [28] . The solution of the anisotropic Boltzmann equation is more involved even within the simple effective mass approximation [29, 30] . Here, we use an alternative approach, namely, the Kubo-NakanoMori method, which does not rely on any symmetry constraints; it is equivalent to the variational solution of the Boltzmann equation in the isotropic limit at k B T ≪ ε F [1] , where k B T is the temperature in energy units and ε F is the Fermi energy. The formula for the x component of the conductivity reads [28] 
where e is the elementary charge, S is the sample area, v x k is the x component of the carrier velocity, f = {1 + exp[(ε k − ε F )/k B T ]} −1 is the Fermi-Dirac distribution function, ε k is the carrier energy, and τ xx can be understood as the scattering relaxation time of carriers in the x direction. In Eq. (1) we assume that cross terms such as τ xy can be eliminated for symmetry reasons. In turn, the expression for τ xx has the form [1]
where k = k ′ + q with q being the phonon wave vector, V eff kk ′ is the scattering matrix, and ... denote ensemble averaging over the phonon states. We note that Eq. (2) is derived assuming that carrier scattering is elastic, i.e., the phonon energy satisfies ω(q ≈ k F ) ≪ ε(k F ), where k F is the Fermi wave vector. Importantly, Eq. (2) does not assume that the scattering is isotropic.
We now turn to the evaluation of electron-phonon scattering matrices, |V eff kk ′ | 2 . In principle, those can be accurately calculated from first principles using wellestablished interpolation techniques [31] . Such numerical approaches, however, are very sensitive to the Brillouin zone (BZ) sampling and thus are hardly applicable to two-phonon processes, whose description involves additional BZ integration. Here, we restrict ourselves to the long-wavelength limit and derive |V eff kk ′ | 2 analytically for both single-and two-phonon processes using the concept of deformation potentials. Apart from being general, in certain cases our approach allows one to analytically calculate the scattering rates given by Eq. (2). Similar approaches have been previously followed to describe singlephonon scattering in 3D materials [32] .
For 2D materials with orthorhombic (and higher) symmetries, elastic energy associated with in-plane deformations in the harmonic approximation reads [33] 
where u xx , u yy , and u xy are components of the strain tensor, and C 11 , C 22 , C 12 , and C 66 are elastic constants. In the long-wavelength limit, the effective scattering potential of charge carriers induced by in-plane acoustic phonons V eff q can be written in terms of the diagonal components of the deformation potential tensor g α (α = x, y)
as V eff q = g α u qα q α (summation over repeated Greek indices is implied throughout the Letter), where u qα is the α component of the reciprocal displacement vector u q .
Taking the square of V eff q and averaging over the phonon states, we get
where u *
αβ is the temperaturedependent correlation function for in-plane fields with A q αβ being the reciprocal force-constant matrix [34] . Here, we utilized the fact that phonons can be considered classically at moderate temperatures, i.e., ω(q ≈ k F ) ≪ k B T , which always holds for |k F | ≪ a −1 , where a is the interatomic distance. The same criterion ensures that the effect of the wave function overlap between the initial and final states is negligible [41] . The final expression for the scattering matrix associated with in-plane phonons takes the form
Unlike the isotropic case (
2 /C 11 does not depend on q, the scattering probability of anisotropic systems displays a sophisticated q dependence.
Let us now consider scattering on flexural phonons. Here, we focus on two-phonon processes only because single-phonon scattering involving flexural modes in BP is symmetry forbidden. Indeed, the point group (D 2h ) corresponding to the space group of BP (D In the presence of pure flexural deformations, elastic energy of an anisotropic membrane can be written as,
where h = h(x, y) is a field of out-of-plane displacements, and κ x , κ y , and κ xy are constants determining the flexural rigidity of the membrane. In this case, the scattering potential is given by V eff q = g αβ f αβ (q), where f αβ (q) = − k1 k 1α (q β − k 1β )h k1 h q−k1 is the Fourier component corresponding to the tensor of flexural deformations f αβ (r) = [∂h(r)/∂x α ][∂h(r)/∂x β ]. After straightforward manipulations [34] , the scattering probability due to acoustic flexural phonons takes the form
where the correlation function can be expressed as [1] 
assuming that κ xy = √ κ x κ y . Substituting Eq. (8) into Eq. (7) and evaluating the integral over p with logarithmic precision one finds [34] 
where we used the notation r = (κ y /κ x ) 1/2 and p = [( g y / g x )/(κ y /κ x ) 1/2 ]. In Eq. (9), γ = k/|q * |, where k is a characteristic carrier wave vector (k ≫ |q * |) and q * is the critical wave vector, which determines the applicability of the harmonic approximation, i.e., independent carrier scattering on in-plane and flexural phonons [44, 45] . As for in-plane phonons, scattering matrix for flexural In 2D materials with degenerate valleys like graphene and transition metal dichalcogenides, there is another important contribution to the scattering probability arising from the variation of hopping integrals upon deformation. This effect is equivalent to the presence of a gauge potential acting with opposite sign at each valley [46] , which shifts the position of valleys in BZ, leading to an additional scattering channel limiting mobility [6, [47] [48] [49] [50] . However, for single-valley systems like BP, such effects are forbidden as the position of the band edges in kspace is protected by time-reversal symmetry. As can be explicitly shown within a tight-binding model [51] , the variation of hopping integrals in BP is fully captured by the deformation potentials.
We now apply the presented theory for the calculation of direction-dependent carrier mobility in BP. We first determine parameters appearing in the expressions for the scattering matrix [Eqs. (5) and (9)], i.e., elastic constants and deformation potentials, from first principles. In Fig. 1 , we show the elastic energy and bandedge shifts induced by in-plane and out-of-plane deformations calculated using density functional theory (DFT) [34] . Elastic constants can be obtained by fitting DFT energy curves to the macroscopic expressions given by Eqs. (3) and (6) CBM and VBM are the conduction band minimum and valence band maximum, respectively. Points correspond to DFT calculations, whereas lines are the result of fitting with the constants shown in the insets. In-plane deformations are induced by direction-dependent strain (u), whereas out-of-plane deformations are characterized by the wave vector q and amplitude h of a sinusoidal corrugation along the armchair (x) and zigzag (y) directions [34] . Dispersion ε k of both electrons and holes in BP exhibits considerable deviations from the parabolic law, yielding energy-dependent density of states (DOS) as shown in Fig. 2 . To capture the effects of nonparabolicity in the mobility calculations, we use the energy-dependent effective mass approximation [34] , which demonstrates good agreement with the results of first-principles GW calculations (Fig. 2) .
The results on intrinsic mobility of electrons and holes in BP are presented in Fig. 3 . The total mobility in a specific direction is defined adopting Matthiessen's rule,
is the corresponding contribution from single-phonon (twophonon) processes. At n 10 13 cm −2 , i.e., in the regime where the harmonic approximation is applicable [ln(k/q * ) > 1], single-phonon processes dominate for both electrons and holes at any practically relevant temperatures. This observation is in stark contrast with graphene, where two-phonon processes dominate independently of n [6, 7] . Let us assume that the electron gas is degenerate (ε F /k B T ≫ 1). The corresponding ratio of single-phonon µ xx and two-phonon µ xx mobilities [34] , whereas thin black lines correspond to the model used in this Letter. Gray area marks the phonon cutoff wave vector q * at T = 300 K. then reads [34] 
where e ≈ 2.718 and A xx , A xx are the cumulative anisotropic factors incorporating the effects of different kinds of anisotropies associated with single-phonon and two-phonon processes, respectively. One can see from Table I that these factors are non-negligible and play an appreciable role in determining the mobility; this is especially clear for electrons propagating in the armchair direction, where A e xx ≈ 15. In Eq. (10), the numerical factor in front of k B T /ε F (given in Table I as α for n = 5 × 10 13 cm −2 ) is less than unity for both electrons and holes in BP, meaning that single-phonon processes always dominate for the degenerate electron gas, i.e., µ ≪ µ. The only situation where two-phonon processes are expected to be significant corresponds to the case of a small doping (n ≪ 10 13 cm −2 ). In such a regime, however, anharmonic coupling between the phonons becomes significant (k/q * < 1) in the charge carrier scattering, whose quantitative description requires a separate consideration.
It is instructive to make a comparison of single-and two-phonon scattering in BP with graphene. Given that g = g for isotropic and atomically thin membranes, for equal carrier densities an estimate of the numerical factor in Eq. 10 gives α ∼ 27 for graphene [52] , which is up to 2 orders of magnitude higher than in BP (see Table  I ). Since DOSs are comparable at the given carrier concentration, the main difference stems from the difference in elastic properties between the two materials. Indeed, C/κ 2 in graphene is 13 and 58 times larger than the corresponding ratio calculated for armchair and zigzag directions of BP, respectively. Physically, this is attributed to the combination of unusually high in-plane stiffness and superior flexibility of graphene compared to other 2D materials. At lower carrier densities, α in graphene becomes even larger because the energy-dependent DOS ensures that α ∼ 1/ε F , favoring two-phonon scattering.
As can be seen from Figs. 3(c) and 3(d), carrier mobilities in BP exhibit strongly different anisotropies µ xx /µ yy for electrons and holes. At n = 10 13 cm −2 and T = 300 K it amounts to ∼6.2 for electrons and ∼1.4 for holes. The latter value is in excellent agreement with the experimental value of 1.66 obtained in Ref. [54] for hole doping in few-layer BP. Within the approximations assumed above, the ratio of the total mobility along different crystallographic directions is
The resulting anisotropy of the carrier mobility represents, therefore, a complex interplay between different anisotropic factors, among which are the anisotropies of effective masses, deformation potentials, and elastic constants. In BP, none of these factors can be considered as essentially isotropic, which makes nontrivial a simple qualitative description of the observable anisotropic properties. Interestingly, at n < 10 13 cm −2 the twophonon contribution favors the inverse (µ xx /µ yy < 1) anisotropy of the hole mobility [34] . Such behavior is expected to be more pronounced at low carrier concentrations, and is indeed observed in recent scanning tunneling microscopy experiments [55] .
The estimated absolute values of the mobilities along the armchair (x) direction at n = 10 13 cm −2 and T = 300 K are ∼250 and ∼700 cm 2 V −1 s −1 for holes and electrons, respectively. The obtained values are rather low and can be considered as an upper limit for the mobility in BP at room temperature. At the higher and lower carrier concentrations there is some decrease in mobility due to the energy dependence of the effective masses and the Fermi smearing effects, respectively. Because single-phonon processes dominate, they cannot be easily suppressed by, e.g., encapsulation or depositing of BP samples on substrates. For the same reason, at n 10 13 cm −2 the mobility is inversely proportional to the temperature (µ ∼ T −1 ). Our estimate for the mobility values is found to be in a good agreement with available experimental data on field-effect mobilities in few-layer BP [15-18, 55, 56] , suggesting that scattering on acoustic phonons is one of the main factors limiting the intrinsic mobility in BP. We note, however, that at considerably higher temperatures (T ≫ 300 K) and higher carrier densities (n ≫10 13 cm −2 ), other factors like optical phonons or electron-electron scattering (not considered here) might become more important.
To conclude, we have presented a consistent theory for the charge carrier scattering on acoustic phonons in anisotropic 2D systems. Both single-phonon and twophonon processes are taken into account on equal footing. The theory is applied to the calculation of intrinsic mobilities in single-layer black phosphorus, for which relevant parameters are obtained from first principles. We have shown that, contrary to graphene, two-phonon processes governed by flexural phonons can be considered negligible at carrier concentrations n 10 13 cm −2 . The estimated intrinsic mobility in BP at n ∼ 10 13 cm −2 and T = 300 K do not exceed ∼250 and ∼700 cm 2 V −1 s −1 for holes and electrons. Given that these values can be considerably reduced by other intrinsic and extrinsic scattering mechanisms, the application of BP in real devices might be hindered.
The research has received funding from the European Union Seventh Framework Programme and Horizon 2020 Programme under Grants No. 604391 and No. 696656, Graphene Flagship, and from the Stichting voor Fundamenteel Onderzoek der Materie (FOM), which is financially supported by the Nederlandse Organisatie voor Wetenschappelijk Onderzoek (NWO). n = 10 13 cm −2 the contribution of the wave function overlap to the scattering matrix does not exceed a few percent. For example, for holes | −k [44] The cutoff vector q * for isotropic systems can be estimated from the first-order correction to the correlation function hqh−q [45] , which gives |q * | = 3kBT Y /16πκ 2 , where Y is the 2D Young modulus. Rigorous determination of q * in the anisotropic case is more involved, so here we evaluate the phonon cutoff vector along the different directions q * x and q * y adopting a similar criterion and then use an averaged value q * = |q * | = √ q * x q * y . We also take k = k Supplemental
Derivation of the scattering matrices
In-plane phonons
In the harmonic approximation, the q-representation of the elastic energy of in-plane deformation [Eq. (3)] reads
where A q αβ is the force-constant matrix A q αβ = ∂ 2 Eq ∂u q * α ∂uq β whose explicit form in case of orthorhombic symmetry is given by
To evaluate |V 
Flexural phonons
General expression of the scattering probability due to the flexural phonons follows from the definition of V eff q given in the main text and has the form
The expression in the angular brackets can be simplified by utilizing the Wick's theorem, which yields ... = δ p1,q+p2 h p1 h −p 1 h p1−q h q−p1 . Substituting this expression into Eq. (S3) and neglecting off-diagonal elements of g αβ as they are associated with shear deformations having significantly less effect on the electronic structure, we obtain a simplified expression given by Eq. (7), which can be rewritten in the integral form as
where we have used the explicit form of the correlation functions h q h −q from Eq. (8) and extended the integral over the Brillouin zone to the whole space as it converges rapidly at large |p|. To further simplify the expression, we make the transformation,
where K is a matrix with diagonal elements κ x and κ y . After the transformation, we arrive at
√ κ x and a y = g y / √ κ y . Introducing polar coordinates for p ′ and evaluating the integral over the polar angle, we end up with an integral which is logarithmically divergent at |p 
Details of first-principles calculations
DFT calculations of elastic constants and deformation potentials presented in Fig. 1 were carried out by using the projected augmented-wave (PAW) formalism as implemented in the Vienna ab initio simulation package (VASP) [S2-S5] . To describe exchange-correlation effects, we employed the gradient corrected approximation (GGA) in the parametrization of Perdew-BurkeErnzerhof (PBE) [S6] . An energy cutoff of 800 eV for the plane-waves and the convergence threshold of 10
eV were used in all cases. To avoid spurious interactions between the supercells, a vacuum slab of 20Å thick was added in the direction perpendicular to the sheet. Structural relaxation including the optimization of in-plane lattice parameters was performed until the forces acting on atoms were less than 10 −4 eV/Å. In the unit-cell calculations of strain-energy curves a (48×48) Γ-centered k-point mesh was used to sample the Brillouin zone.
To induce flexural deformations needed for the determination of flexural rigidities and deformation potentials associated with flexural phonons, supercells with the di- mensions of (8a x × a y ) and (a x × 11a y ) were considered, respectively, for the armchair and zigzag directions of the deformation, where a x and a y are the unit cell vectors. The deformation is modeled by an 1D out-of-plane sinusoidal field h(x, y) = h sin(qx) with q = 2π/l, where h and l are the amplitude and period of the deformation, schematically shown in Fig. S1 . In our case the deformation period is nearly the same for both armchair and zigzag directions, which corresponds to q ∼ 0.17Å −1 . We then perform full structural relaxation for a series of fixed amplitudes h, which allows us to obtain elastic energies as well as valence (or conduction) band edge shifts shown in Figs. 1(b) and (d) . For corrugated supercells, a (4×48) [or (48×4)] k-point mesh was used.
The electron and hole quasiparticle dispersion as well as the corresponding isoenergy contours presented in Fig. 2 were obtained within the GW 0 approximation as described in Ref. S7 .
Energy-dependent effective mass approximation
Dispersion of both electrons and holes in BP cannot be accurately described within the constant effective mass approximation. Quasiparticle band structure calculated using GW 0 approximation exhibits deviations from the parabolic dispersion at low energies, which yields energydependent density of states (DOS) [Figs. 2(a) and (b) ]. Here, to describe the carrier dispersion ε k , we use the following implicit expression
where parameters m E x (ε) and m E y (ε) are energydependent effective masses corresponding to the armchair and zigzag directions, respectively. For slowly varying masses, the corresponding DOS can be approximated
1/2 , with g s = 2 being the spin-degeneracy factor. Here, we determine the masses from the normalization of N (ε) to the number of particles and from the condition m , we follow similar scheme, In Fig. S3 , we show the contribution to the mobility associated with two-phonon processes ( µ xx ) due to scattering by flexural phonons. Carrier mobility within the constant effective mass approximation
The integrals determining the conductivity given by Eqs. (1) and (2) can be evaluated analytically if purely parabolic dispersion of charge carriers is assumed,
The corresponding Fermi contour is now represented by an ellipse determined by constant effective masses m x and m y , resulting in an energy-independent density of states, N (ε) = g s √ m x m y /2π 2 . Assuming that the electron gas is degenerate (ε F ≫ k B T ), the x-component of the mobility within this approximation is given by
whereas τ xx takes the form
where q = k − k ′ . Substituting Eq. (5) into (S11) and noting that 2C 66 ≈ √ C 11 C 22 − C 12 which represents a reasonable approximation for BP, we obtain the following scattering rate for single-phonon processes 
where we used the notation s = C22 C11 my mx , and t = g y my g x mx . As can be easily checked, without anisotropy A xx is unity.
The scattering rate for two-phonon processes is obtained similarly using Eqs. (9) and (S11). The resulting expression reads
where A xx is now a two-phonon anisotropic factor,
